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Linear algebra provides theory and technology that are the cornerstones of 
a range of cutting edge mathematical applications, from designing 
computer games to complex industrial problems, as well as more traditional 
applications in statistics and mathematical modelling. Once past 
introductions to matrices and vectors, the challenges of balancing theory, 
applications and computational work across mathematical and statistical 
topics and problems are considerable, particularly given the diversity of 
abilities and interests in typical cohorts. This paper considers two such 
cohorts in a second level linear algebra course in different years. The 
course objectives and materials were almost the same, but some changes 
were made in the assessment package. In addition to considering effects of 
these changes, the links with achievement in first year courses are analysed, 
together with achievement in a following computational mathematics 
course. Some results that may initially appear surprising provide insight 
into the components of student learning in linear algebra.    
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1 Introduction 
The linear algebra unit (MAB312) under focus here is a second level course taken by 
students in mathematics degrees; double degrees of mathematics with information 
technology, business, law or electrical engineering; science degrees, usually majoring 
in physics/mathematics but some combining mathematics and biotechnology in 
maths/science double degrees; and some education and postgraduate courses. 
MAB312 is an important unit for mathematics/statistics students proceeding to a 
variety of areas ranging from operations research, statistics and financial mathematics 
to mathematical modelling, computational mathematics and visualisation. Much of 
modern linear algebra is closely associated with, and applied in, computational 
mathematics and complex or large-scale industry or research problems, and MAB312 
is a prerequisite for the computational mathematics strand. It is particularly popular 
with students combining mathematics with information technology. Graduates 
making their mark in areas such as the computer games industry or visualisation have 
volunteered feedback on the pivotal roles played in their careers by the skills 
developed in this unit.  
In all areas of mathematics and statistics, a challenge for tertiary teachers is 
finding the balance between theory and practice that is most appropriate and relevant 
for the learning cohort. As indicated above, and as discussed in [1] and [2], finding 
this balance is particularly pertinent in modern linear algebra because of the wide-
ranging nature of both theory and applications, the close links with computational 
mathematics, and the diversity of interest in typical cohorts. Focus on mathematicians 
and statisticians as educators [3] is often on first level units or on maths anxiety, but it 
is of vital importance to the professions and to society that the learning and teaching 
in second, third (and beyond) levels of mathematics and statistics, albeit to smaller 
cohorts, receive the same attention. Understanding the contributions of assessment 
programs and of other mathematics/statistics units in achievement in this unit is of 
importance in developing graduates who will play key roles in a range of workplaces 
and careers. The questions tackled in this paper for the linear algebra unit MAB312 
include the learning value of the continuous assessment, the balance of theory and 
practice, and the predictors of achievement in the unit. 
2 The cohorts  
MAB312 is not a service unit, with all students enrolled in the unit either 
taking a mathematics degree course or a major or comajor in mathematics, with a 
considerable proportion of the cohorts heading towards double degrees or honours, 
and either research or highly quantitative, rewarding careers in industry, business or 
government. However the cohorts can still be somewhat bimodal for a variety of 
reasons. For example, the two cohorts considered in this paper are the 2003 and the 
2005 classes. In 2003, 65 students enrolled in the unit, including 12 education 
students of whom 6 withdrew or failed, while in 2005, 96 students enrolled in the unit, 
including 20 science (mostly physics) students of whom 12 withdrew or failed. All 
had the formal prerequisites and the formal background knowledge for the unit, but, 
as discussed in this paper, analysis shows that the best predictor of achievement in the 
unit is an introductory unit in probability and distributional modelling.  
The overall rating of the unit on the 2005 student surveys consisted of 14% 
giving a rating of satisfactory, 34% a rating of good, and 50% a rating of very good 
(2% did not respond to this question). 
In 2004 92 students enrolled in the unit. This paper focuses on 2003 and 2005 
because the teaching strategies were slightly modified in 2004 in an attempt to 
progress more slowly to better cater for a sub-group within the cohort. As is often 
found in mathematics, this was not in the overall best interests of the cohort, and 2005 
reverted to the strategy of providing support as needed through the programs of the 
Maths Access Centre [4]. However, the general thrust of the discussion of this paper 
applies also to the 2004 cohort. 
3 Content, pedagogy and learning experiences 
3.1 Student background 
The aims, objectives, structure and materials of the unit are informed by 
 knowledge of the range of skills and mathematical confidence of the students 
entering the unit 
 knowledge of the range of skills and capabilities students need to take from 
the unit into further study, and, ultimately careers 
 feedback from current and past students, staff and employers 
 literature on teaching linear algebra such as [5] 
 
The formal prerequisites are a first level calculus unit (MAB111) and a first level 
introductory linear systems and analysis unit (MAB112), with the brief synopsis of 
the latter being  
linear systems and matrices; vector algebra; coordinate systems; introduction to abstract 
algebraic systems; complex numbers; first and second order differential equations.  
Entry to these first year units is via advanced mathematics in senior school or an 
equivalent first level unit. Alternative prerequisites are the first level engineering 
mathematics units which are also taken by science students majoring in physics.  
Most of the MAB312 cohorts have also taken an introductory unit in 
modelling with probability and distributions (MAB210), an introductory unit in 
computational mathematics (MAB220), and an introductory data analysis unit 
(MAB101). MAB101 is taken by all science and other students and has a non-
mathematical emphasis, so is not considered here. The analysis reported in this paper 
identifies MAB210 as playing an important role, so its brief synopsis is given here, 
namely:  
probability; independence; system reliability; using conditional probability in modelling; 
introductory Markov chains; random variables; special distributional models; Bernoulli 
process; Poisson process; exponential; introductory queueing processes and collecting data 
from them; expected values; distribution function; goodness-of-fit tests; measures of 
dependence; introductory bivariate and correlation properties; conditioning arguments.  
The emphasis in MAB210 is constructivist and problem-based learning. 
3.2 Content 
The unit content for MAB312 has evolved over several years and is currently under 
four main topics - systems of linear equations and matrix algebra; vector spaces; inner 
product spaces and eigenvalues and eigenvectors.  
The first topic includes revision and continues with systems of linear 
equations and an introduction to Maple; general matrix properties; Gaussian 
elimination; homogeneous linear systems; the general solution of a linear system; 
properties of inverses; powers of a matrix; determinants and their properties and a 
brief introduction to eigenvalues and eigenvectors.  
In topic 2, the general concepts of vector spaces are introduced along with the 
notion of linear combination and span, linear independence, basis and dimension; 
rank and nullity; subspace construction and an introduction to linear transformations.  
In topic 3 inner product spaces are discussed by introducing inner products; 
orthogonality; orthonormal bases; followed by the Gram-Schmidt process and QR-
decomposition; orthogonal projections; best approximation and least squares 
solutions; data fitting and function approximation.  
Finally, in topic 4 the diagonalisation of a matrix is presented along with 
computing powers and functions of matrices.  
The examples and learning experiences are motivated by higher level units 
taught in the school in the fields of statistics and computational mathematics, and by 
applications based on experience with industry problems. As advocated in [1], the 
lecture material and examples form a coherent structure that has been derived from 
experience in research and teaching with this fascinating topic [6], with the blend of 
theory, problems, applications and computational practicals oriented to balance across 
the current and future needs of the whole cohort. For example, theory is included 
where it introduces or illustrates mathematical techniques of value to students in their 
higher level units, or of value in mathematical thinking [7], [8]. Full lecture notes are 
provided to all students, and an appropriate text [9] or [10] is used to supplement the 
lecture notes, examples and exercises. The lecture notes and supporting materials are 
all made available throughout the semester via the Online Teaching (OLT) system. 
Provision of full notes frees the class contact hours for focus on key aspects, 
examples, demonstrations of the use of Maple in examples, questions and discussion. 
This is our standard practice in mathematics and statistics and students greatly value 
use of class contact hours for guidance, emphasis, facilitation of understanding, 
demonstrations and discourse, developing a true ‘learning community’ [11]. 
The unit has four contact hours per week, in a thirteen week semester. Of the 
four hours, three develop the unit structure with examples, demonstrations and 
discussion, and one hour is a Maple practical in which students use Maple to explore 
key linear algebra concepts and applications. An optional one hour student-driven 
support session is also offered under the auspices of the Maths Access Centre. 
Students are free to use such support sessions whenever and however they wish. 
4 Assessment 
If learning really matters most, then our assessment practices should help students develop the 
skills, dispositions, and knowledge …… [11] 
Students study more effectively when they know what they are working towards….. Students 
value assessment tasks they perceive to be ‘real’ [12] 
4.1 The 2005 cohort 
The assessment for the unit was split into 40% continuous assessment and 60% final 
examination. The objectives of the continuous assessment are to facilitate learning 
and development of skills and understanding. The continuous assessment consisted of 
three quizzes totalling 16% and two Maple group assignments totalling 24%. Each 
quiz comprised three questions, the first being a series of ten true/false answers and 
two other questions based on application of the relevant lecture material. Student were 
given five days to complete the quiz and submit their answers online. The solutions 
and results were also posted online. The quizzes spanned the unit and student 
feedback (both informal and formal via standard unit evaluation surveys) indicated 
that they were a popular assessment item and perceived by the students as an excellent 
way to consolidate student engagement and understanding of the subject matter.  
The groups for the Maple group assignments had three students allocated to 
them. All groups attempted the same assignment and had two weeks to finalise the 
work and submit their Maple worksheets online. The questions given in the 
assignments were extensions of the weekly practicals, but were cast within interesting 
case studies in linear algebra. Examples include formulating mathematical models 
based on matrix systems and interpreting general solutions where free variables play 
an important role in the model; exploring techniques in information retrieval; or 
formulating least squares problems in coordinate metrology. Complete Maple 
solutions were also posted online and groups received a results spreadsheet 
highlighting any errors or flaws in their thinking. Again, student feedback indicated 
that this was an enjoyable component of the unit, and in 20% of the student surveys, 
respondents chose to add extra comments on “enjoying the assessment/unit”. Overall 
the continuous assessment was done very well and students scored highly. Responses 
to questions about assessment on the student surveys were 
NA=not applicable, SD=strongly disagree, D=disagree, A=agree, SA=strongly agree 
The assessment tasks are clearly related to what I am expected to learn 
NA SD D N A SA 
2% 0 0 7% 29% 62% 
I have been provided with guidelines or criteria which give me a clear 
explanation of how individual assessment will be marked 
NA SD D N A SA 
2% 0 9% 20% 35% 35% 
I understand the requirements of the overall assessment program 
NA SD D N A SA 
2% 0 0 12% 38% 49% 
 
In the final examination students were asked to attempt four from a total of 
five questions. Each question consisted of two parts, the first part based on theory and 
the second based on applications similar in style to those covered over the semester. 
As discussed above and in [7], theory in this area is important, but it was expected 
that more students would focus on the application components than the theory. 
However more than half the class attempted both parts of the questions, with many 
successful completions. Naturally, overall the scores on the final were nowhere near 
the level ascertained during the continuous assessment, but the interest in the analysis 
below lies in which continuous components were the best predictors of the scores. 
4.2 The 2003 cohort 
In 2003 a slightly different assessment strategy had been adopted, which consisted of 
three Maple group assignments, each of value 7%; a mid-semester exam contributing 
15%; and a final examination contributing 64%. The final examination was similar in 
style, format and level to that of 2005. The style of the Maple group assignments were 
consistent with those used in 2005, however the major difference of using a mid-
semester exam rather than quizzes proved a key indicator to overall student results 
when comparing 2003 and 2005.  
5 Analysis of data 
5.1 The continuous assessment 
The 2005 student surveys reported above were taken before the exam period, 
demonstrating student approval of the continuous assessment. The changes in the 
assessment from 2003 to 2005 were introduced with a view to helping students 
manage their learning throughout the semester. Because of the generally very high 
marks in the continuous assessment contributing 40%, the overall marks in 2005 
tended to be higher than in 2003. The questions of interest are: did the changes in the 
continuous assessment program affect the students’ learning, for either better or 
worse; and which components of the continuous assessment were the better predictors 
of performance in the end of semester exam. 
 Analysing student results requires considerable care because of the many 
possible interdependencies and confounding or hidden variables, particularly when 
comparing results of different cohorts. In this case, the overall results in 2003 and 
2005 should not be compared because of the different continuous assessment 
programs, but the end of semester exams in 2003 and 2005 were similar in construct 
and level. Examination of the cohorts revealed that in 2003 there were ten students in 
MAB312 in a particular course (Bachelor of Education) but none in 2005 because of a 
change in the course structure. Double degree mathematics/education students are still 
present in MAB312 - within mathematics units all double degree students are the 
same as single degree mathematics students. The remainders of the cohorts were 
reasonably similar between the two years, except for a small number of advanced 
physics students in 2005. If the ten BEd students are included in the 2003 cohort, a 
simple 2-sample t-test gives evidence of a higher average exam mark in the 2005 
cohort, but not if these students are omitted. 
 Although dotplots have the disadvantage of presenting frequencies rather than 
relative frequencies, they also retain detail that can be hidden by plots that group. The 
dotplots below (with the BEd students omitted) show a similarity in location and 
spread of MAB210 marks for the cohorts, but a tendency for a greater proportion of 
students in the 2005 cohort achieving above 50% in the MAB312 exam. This provides 
reassurance that the change in the continuous assessment program is not detrimental 
to performance, and appears to be providing a facilitating program for learning.  
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 Best subsets methods were used to analyse relationships between continuous 
assessment components and the exam. In 2003, the Maple group assignment 2 and the 
mid-semester tests were the best predictors of the exam (and hence of the total 
performance), explaining 55% of the variation and with a CP-Mallows index of 1.5. In 
2005, quiz 2 and the Maple group assignment 1 were the best predictors of the exam, 
explaining 25% of the variation and with a CP-Mallows index of 1.3. The residual 
plots showed no problems with the models, and the unusual observations had 0 for 
one of these components of assessment - important data points to retain. 
2003: The regression equation is 
exam = - 1.51 + 3.41 Maple_assign2 + 1.15 mid_sem 
 
Predictor        Coef  SE Coef      T      P 
Constant       -1.512    7.326  -0.21  0.837 
Maple_assign2   3.409    1.192   2.86  0.006 
mid_sem        1.1546   0.1628   7.09  0.000 
 
S = 15.7381   R-Sq = 56.6%   R-Sq(adj) = 55.0% 
 
 2005: The regression equation is 
Exam = 4.29 + 0.320 quiz2 + 0.289 Maple_assign1 
 
Predictor         Coef  SE Coef     T      P 
Constant         4.289    6.810  0.63  0.531 
quiz2          0.31968  0.08991  3.56  0.001 
Maple_assign1   0.2892   0.1347  2.15  0.035 
 
S = 13.3941   R-Sq = 26.4%   R-Sq(adj) = 24.5% 
5.1 The first level units as predictors 
Analysis of the relationships between achievement in MAB312 and in the first level 
units, as described in 3.1 above, produced some unexpected but enlightening results. 
As described, the prerequisites are MAB111 and MAB112, with the content of the 
latter closest in background one would expect for MAB312. A number of the 
MAB312 cohorts have first year engineering mathematics as alternative prerequisites, 
either because they are physics majors or because they changed from engineering to 
mathematics. Hence analysis considered both scenarios, namely, scenario 1 with 
strictly MAB111 and MAB112, and then scenario 2, grouping the appropriate 
engineering mathematics unit with each of MAB111, MAB112 to give ‘MAB111’ 
and ‘MAB112’. For the 2005, but not the 2003, cohort, the Grade Point Average 
(GPA) on entry to MAB312 was also available for inclusion in the analysis. 
For the 2005 cohort, for both scenarios, the single best predictor of 
achievement in MAB312 of GPA, MAB111 (or ‘MAB111’), MAB112 (or 
‘MAB112’), MAB210 and MAB220 was MAB210, explaining 47% and 44% 
respectively of the variation in scenarios 1 and 2. The best two (and the significant) 
predictors in scenario 1 were MAB210 and GPA, explaining 52% of the variation; in 
scenario 2, they were MAB210 and ‘MAB112’, explaining 51% of the variation. 
Omitting GPA and considering just the first level units, the best two (and the 
significant) predictors in scenario 1 were MAB210 and MAB111, explaining 54% of 
the variation.  
 For the 2003 cohort (with no entry GPA available for analysis), the single best 
predictor in scenario 1 was MAB112, but MAB210 in scenario 2. The best two (and 
the significant) predictors were MAB210 and MAB112 or ‘MAB112’ in both 
scenarios, explaining 61% and 58% respectively of the variation. 
 In all cases, the residuals showed no problems with the models, and any 
unusual observations were important ones to retain. 
5.3 The first level units and MAB312 as predictors for computational mathematics 
Analysis of achievement in the second level computational mathematics unit, for 
which MAB312 is a prerequisite, is possible only for the 2003 cohort at present. For 
that cohort, the best (and the significant) predictor in either scenario was MAB111 or 
‘MAB111’. In the absence of information for this cohort on GPA at entry to level 2 
units, it is highly likely that this unit is representing GPA.  
6 Discussion 
Under both continuous assessment programs, a test-type component and a Maple 
group assignment component combined as best predictors of an exam comprised of 
both theory and applications but with no actual Maple use, demonstrating again the 
way theory and practice combine in overall learning and understanding in linear 
algebra. The lecturer’s concerns about the very high marks in the 2005 continuous 
assessment program are reflected by only 25% of the variation in exam marks being 
explained, but this challenge of how to grade the continuous assessment can be 
tackled with confidence in the program’s facilitation of student learning across the 
theory and practice components of the unit. 
 The link between MAB210 and MAB312 is surprising until it is recognised 
that MAB210 consolidates foundation skills across both calculus and algebra in 
problem-based learning that requires students to synthesize prior and current learning 
in situations combining theory and applications, and requiring dissection of larger 
problems into smaller segments. 
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